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A DIRECT METHOD OF MOVING SPHERES ON FRACTIONAL ORDER 

EQUATIONS 


WENXIONG CHEN, YAN LI, AND RUOBING ZHANG 

Abstract. In this paper, we introduce a direct method of moving spheres for the nonlocal frac¬ 
tional Laplacian (—with 0 < a < 2, in which a key ingredient is the narrow region maxi¬ 
mum principle. As immediate applications, we classify the non-negative solutions for a semilinear 
equation involving the fractional Laplacian in R"; we prove a non-existence result for prescribing 
Qa curvature equation on S”; then by combining the direct method of moving planes and moving 
spheres, we establish a Liouville type theorem on a half Euclidean space. We expect to see more 
applications of this method to many other nonlinear equations involving non-local operators. 
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1. Introduction 


Recently, the fractional Eaplacian has seen more and more applications in Physics, Chemistry, 
Biology, Probability, and Einance; and it has drawn more and more attention from the mathematical 
community. This fractional Eaplacian is a pseudo-differential operator defined by 
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( 1 . 1 ) 


for any real number 0 < a < 2. 
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Let 


LqI - 


M : R” ^ 


\u{x)\ 


n+a 


dx < oo 


( 1 . 2 ) 


v 1 + |a:| 

Then the operator (—is well defined on the funetions m in Lq, n One ean see from 
the definition (11.11) that it is nonlocal: Even u is identically zero in a neighbourhood of a point 
X, (—still may not vanish. Hence, traditional methods on local differential operators, 
such as on Laplacian — A may not work on this nonlocal operator. To circumvent this difficulty, 
Caffarelli and Silvestre HCSH introduced the extension method that reduced this nonlocal problem 
into a local one in higher dimensions. For a function u : M”—)-M, let U : x [0, cxd)— )-R be its 

extension satisfying 

div{y^~°'VU) = 0, {x,y) e R" x [0, cx)), 

U{x,Q)=u{x), a; e R”. 


Then 


dU 


(-A)“/ u{x) = -Cn,a lim y" 

y—)-o+ ay 


X G 


This extension method provides a powerful tool and leads to very active studies in equations 
involving the fractional Laplacian, and a series of fruitful results have been obtained (see fiBCPSi 
[ICZll and the references therein). 

Another approach on such nonlocal problems is to study the corresponding integral equations as 
introduced in HCLOH and HCLOll . 

However, when working at the extended problems or the corresponding integral equations, 
sometimes one needs to impose extra conditions on the solutions, which would not be necessary 
if one considers the pseudo differential equation directly (see the Introduction in UChLLH for more 
details). Moreover, for equations involving the uniform elliptic nonlocal operators 

a{x — z){{u{x) — u{z)) 


Cn a llHl 
’ e -)-0 




\x — z 


\n-\-OL 


-dz = f{x,u), 


(1.3) 


where 


0 < Co < a{y) < Ci; 


and for equations containing fully nonlinear nonlocal operators, such as 




lim 

e—)-0 




G{u{x) — u{z)) 
\x - 


dz = f{x, u) 


(1.4) 


(see HCSIH for the introductions of these operators), so far as we know, there has neither been 
any extension method nor integral equation method that work for these kinds of operators. This 
motivates us to come up with direct approaches on general nonlocal operators. 

In our previous paper UChLLL a direct method of moving planes for the fractional Laplacian 
has been introduced and has been applied to obtain symmetry, monotonicity, and non-existence 
of solutions for various semi-linear equations involving the fractional Laplacian. Moreover, this 
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direct approach can be applied to study the qualitative properties of solutions to uniformly elliptic 
problem (11.31) llTFII as well as to fully nonlinear problem (11.41) [ |CLLg |. 

In this paper, we will introduce another direct method-the method of moving spheres on the 
fractional Laplacian, which is more convenient than the method of moving planes in applications 
in some contexts. For instance, in UChLill and [IChLi2L for the case a = 2, the authors applied 
the method of moving spheres to prove a non-existence result for the prescribing scalar curvature 
equation, and hence answered an open question posed by Kazdan UKazB that whether the well- 
known Kazdan-Warner necessary condition is also sufficient for the existence of a solution in the 
case the given curvature function is rotationally symmetric. Here in Section |4l we will extend 
this non-existence result to all real values of a between 0 and 2 by applying the direct method of 
moving spheres in the fractional setting (see Theorem 3 and Remark 1.1 for more details). 

Similar to the method of moving planes, the method of moving spheres is a continuous applica¬ 
tion of maximum principles. Hence, in Section 2, we first obtain the key ingredient in carrying out 
this method-the (Spherically) Narrow Region Maximum Principle: 


Theorem 1. Let w ^ 

X G B\(xq), denote 


n be lower semi-continuous on Q. Let xq be any point in \ 


For 


A 


To) 


\X 


To I 


the inversion point ofx about the sphere S\(xq) = {x 
Assume that c(x) is bounded from below in Ft and 


+ To, 

|x — xo| = A}. 


(—A)“/^tL(x) -t- c{x)w{x) > 0, X G C Bx{xf}, 
w(x) > 0, X G Sa(to) \ 
w{x) = -(|^^)''"“w(t^), T G 5a(xo), 

Then there exists some sufficiently small 5 > 0 such that z/f2c{xGR”|A — 5< |x — xo| <A} 
(a spherically narrow region), then we have 

w{x) >0, Vx G fl. 

Furthermore, ifw(x) = 0/or some x E fl, then w(x) = Ofor all x G R"^. 


As applications, in Section 3, we classify non-negative solutions of the semi-linear elliptic equa¬ 
tions 

(—A)“/^m(x) = g{u{x)), X G R"". (1.5) 

Theorem 2. Assume that g : R),_ — )■ R),_ U {0} is locally bounded and is non-increasing 
with p = If u G Tq, n (3 'jq^(R"^) is a nonnegative solution to equation ( 17.51) . then one of the 

following holds: 

(1) For some Co > 0, u(x) = Co for every x G R"^ and g(Co) = 0. 
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(2) There exists jSi, (32 > 0, Xq G such that 

f3i 


u(x) = 


(\x-xo\^ + /3l)^ 


Vx G R”, 


( 1 . 6 ) 


and g(r) is a multiple of for every r G (0, max u{x)]. 


In Section 4, we study prescribing Qa curvature equations on Riemannian manifolds and obtain 
a non-existence result using the method of moving spheres. 


Theorem 3. Let (§”, be the round sphere with standard metric of dimension n > 2. Assume 
that Q{x) is continuous and rotationally symmetric on S”, monotone in the region where Q > 0, 
and Q ^ C. Then for every Q < a < 2, the prescribing Qa-curvature equation 

Pa{u) = Q{x)u'^^, X G §"■ (1.7) 

does not admit any positive solution. 


For the precise definition of Pa, please see section 4. In particular, it is the conformal Laplacian 
when a = 2 and the Penitz operator for a = 4. 

Remark 1.1. In HJLXIH . Jin, Li, and Xiong obtained a necessary condition-a Kazdan-Warner type 
identity for (11.71) to have a positive solution (see Proposition A. 1 there). In the case Q is rotationally 
symmetric, the condition becomes that, in order (11.71) to have a positive solution, Q must not be 
monotone. Our Theorem [3] actually provides a stronger necessary condition that 

Q must not be monotone in the region where it is positive. (1.8) 

The significant part of this stronger necessary condition is that it is almost the sufficient condition 
to guarantee the existence of a solution. Actually, in the case a = 2, it is proved that, besides 
(11.81) . if further assume that Q is non-degenerate, then problem (11.71) possesses a positive solution 
for n>2 (see lIXYl for n = 2 and UChLilll for n > 3). We believe that, the same existence results 
can be established for all real values of a between 0 and 2. 


Finally, in Section 5, combining the method of moving spheres and of moving planes, we present 
an alternative proof for the non-existence of positive solutions for the semilinear equation in a half 
space 

J (— A)“/^k(x) = M^(x), X G R”, 1 < p < 

[m(x) = 0, X ^ R”, 

in both subcritical and critical cases. 


Theorem 4. Ifu G D (^/^^(R”) is a nonnegative solution to ( li.9D . then u = 0 in R”. 
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2. A Narrow Region Maximum Principle and the Method of Moving Spheres 


In this section, we give the technical preparations for developing the method of moving spheres 
for the non-local operator (—Given 0 <q;< 2, A>0 and xq G R”, we define the Kelvin 
transform of a function m : R” —)■ R^ centered at Tq as follows, 

. , . A 


uxix = 




where 


X - Xo\ 

_ \^{x - To) 


u{x ), 


( 2 . 1 ) 


X = 


\X - To 


+ To 


is the inversion of x with respect to the sphere 

Sx{xq) = {x I |t -Tol = A}. 

Without loss of generality, here we take To = 0. We start with a simple maximum principle for 
anti-symmetric functions. 

Proposition 2.1 (Simple Maximum Principle). Let Vt be an open subset o/Ra(0”). Assume that 
tp G Lq, n and is lower semi-continuous on (2. If 


(—A)“/^tp(T) >0, T G 
w{x) >0, T G Ra(0”) \ 
w{x) = —wx{x), X G Ra(0”), 


( 2 . 2 ) 


then w{x) > 0 for every x E fl. Moreover, ifw{x) = D for some x E fl, then w{x) = 0 for every 
X E R”. 

Proof We argue by contradiction. Suppose that there is some To G 12 such that tp(To) = mintp(T) < 

0 . 

Let w{x) = w{x) — w{xf), then immediately the following holds, 

(—A)“/^A(t) = (—A)"/^tp(T) > 0, Vt G 12, 

w{xq) = 0, (2.3) 

w{x) > 0, T G Ra(0"'). 

By the anti-symmetry assumption w{x) = —wx{x), it holds that 

X, / A/ A 


A 


= —tp(T) + tp(To) 

> —w(x). 


1 + 


T 


tp(To) 


(2.4) 
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By Straightforward calculations, 


(-A)"/^tc(xo) = 


'R" 


w(a:o) - w{y) 

ko - 

-w{y) 


\xo - l/h+“ 

= h + h. 


dy 

dy + 


'R’ 


-w{y) 

‘\Ra(0") 1^0 ~ 


dy 


Let y = ^, then by (12.41) . it holds that 


h = 


< 


-^(^) A 


2n 


'Ba(0") 


'Ba(0") 


By (12.51) . we have that 


'Ba(0” 


0 

1 

n+Q: 

w(z) 


hi 

0 

1 

n+a 

f 1 


V h|a:o 

Xz 1 

1 A 

idl 


12n 


dz 


A \, 
— dz. 


Notice that, for 2 ; e 

\z\xq \z 2 


A 


ko - A = 


(|xop-A2)(|;.p-A^) 


A2 


w{z)dz. 


> 0 , 


which implies that 

(-A)“/2^(xo) < 0. 

A contradiction. 

Now we assume that w{xo) = 0. Then by the same calculations as above, we have 

1 1 


0 < (-A)“/2y;(^,) = 


/ V I \z\xo Xz _ ^In+a 

'Sa(O-) ^1^ - 1^1 FO Z\ 


w{z)dz < 0. 


(2.5) 


( 2 . 6 ) 


(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


Therefore, w{x) = 0 for almost every x G B\(0A- By the anti-symmetry assumption w{x) = 
—wx{x), it holds that w{x) = 0, for almost every a; G 

□ 


The following narrow region principle is the key to carry out the method of moving spheres. 

Theorem 2.2 (Narrow Region Principle). Let w G Lq, D C]Ac (Al) be lower semi-continuous on 0. 
If c{x) is bounded from below in Vt and 

{ {—A)°'^^w{x) + c{x)w{x) > 0, X G A2 C i?A(0"), 
w(x) > 0, X G i?A(0”) \ fl, 
w(x) = —Wx(x), X G Ra(0"'), 
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Then there exists some sufficiently small 5 > 0 such that the following holds. If 

n C Aa_5,a(0”) = {xe R’^IA - 5 < |x| < A}, 

then we have 

inf w(x) > 0. 

Furthermore, ifw{x) = Ofor some x E fl, then w(x) = Q for almost every x G R" 
Proof We argue by eontradietion. Suppose there exists some Xq G sueh that 

w{xq) = mintp(x) < 0. 

Let w{x) = w{x) — w{xo), then w{xo) = 0 and 

(_A)“/2^(x) = (-A)“/2^(x). 

By the anti-symmetry eondition of te, we have that 


A 


X 


w(x^) = —w(x) 


X 


w{xo). 


By straightforward ealeulations, 

r_/\\a /2 


i-Ar^wixo) = 


f w(xo) - w{y) 
|Xo-I/h+“ 

f -wjy) 

ixo - 


dy 

dy 


-w{y) 


= Jl + J2- 




\xa-y\ 


n+Q; 


dy 


By (12.141) . we have that 
L ^ / 


'R'"\Ra(0") 


-w{y) 

\xo-y\ 


n+Q 


dy 


w{y^) 


2r~\Ra(0") \^o ~ y\ 

= J 2 I + '^22- 


n-\-a. 


-dy + 


1 + 


w{xo) 


'R"\Ba(0") 


ko -2/1 


n+Q; 


-dy 


Let y = then we have that 


Jl + J 21 — 


|xo-^h+“ 


w{z)dz. 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


(2.14) 


(2.15) 


(2.16) 


(2.17) 


Sinee w{z) > 0 for every z G Ra(0"), so Ji -|- J 21 < 0. Notiee that tp(xo) < 0, then it holds that 

1 


{—A)°‘^‘^w{xo) — (Jl + J21) + J22 < J22 < 'R'(xo) 


/R"\Ra(0") 


ko -2/1 




dy. 


(2.18) 
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Now we estimate the right hand side of the above inequality, 

[ - -^ 

> 


J(R”-\BxiO’-))n{Biixo)\Bs(xo)) ko “ 2/|"+“ 
^ ^ ^ dy 


dy 


> 


4 JBi{xo)\Bsixo) ko - 


The eontradietion arises when 5 > 0 is ehosen suffieiently small. 


(2.19) 

□ 


3. Classification of Solutions to Semilinear Fractional Equations in R” 

In this seetion, we will apply the tools developed in Seetion[2]to elassify the non-negative solu¬ 
tions to the following semi-linear elliptie equations. 


(—= g{u{x)), X G R"". (3.1) 

Applying the method of moving spheres, we obtain the following elassifieation result for the posi¬ 
tive solutions. 


Theorem 3.1. Let g : R(,_ — )■ Ri*,. U {0} be a locally bounded function such that is non¬ 
increasing with p = 

Ifu G Lq,(R'^) n C'/^^(R”) is a nonnegative solution to equation di.iP . then one of the following 
holds: 

(1) For some Co > 0, u{x) = Cq for every a; G R"' and g{Co) = 0. 

(2) There exists (di > 0, /)2 > 0, xq G R"^ such that 


u{x) 


(|t 


fdi 

xo\^ + Pl)^' 


Vt G R", 


(3.2) 


and g{r) is a multiple of for every r G (0, max u{x)]. 


The main ingredient in the proof of Theorem 13.11 is to establish the following key lemma by 
applying the method of moving spheres. Preeisely, 


Lemma 3.2. Let u be a positive solution to equation d3.il) and let u\ be the Kelvin transform of u 
in the sense of d2.il) . Then exactly one of the following holds. 

(A) For every Xq G for all A G (0, -|-cxd), it holds thatu\{x) > u{x), Vx G Bx{xo). 

{B) For every xq G R”, there exists Aq G (0, -|-cxd) which depends on xq such thatux^ix) = u{x) 
for every X G Bxo{xo). 

Proof of Lemma 1372] Denote wx{x) = ux{x) — u{x). 

The Lemma will be proven through the following steps. 
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Step 1. We will show that for every suffieiently small A > 0, it holds that wx{x) > 0 for every 

X e Bx{xq). 

To this end, let A > 0 and define 


= {x e Bx{xo)\wx{x) < 0}. (3.3) 

We will show that in faet = 0 for every suffieiently small A > 0, whieh finishes the proof of 
Step 1. 

Now we are proving that there exists 5o > 0 sueh that if ^ 0, then A > (5o- In faet, by the 

( \ n—OL 

w{x^) and 


(-A)“/V(t) = 


Pf \ f7(^(^)) p/ \ 


(3.4) 


mp(x 

Then for every x G < u{x). By assumption, g{r)/r^ is non-inereasing, so 


1^ ^o| ^71 —Q 


Ux{x) 


p > 


uP{x) 


(3.5) 


and thus 


(-A)“/V(t) > ^^^^(ulix) - uPix)) 


uP{x) 

= p{x)-wx{x), (3.6) 

where p{x) = p ■ ■ ^{x), for some m^“^(x) < ^jJ{x) < uP~^{x). Notiee that p >0 and henee 


, . ^ g{u{x)) , giuix)) 

|(^(x)| < p • i(x)=p- ^ ^ " 


uP{x) 


u{x) 


(3.7) 


Let Mx = sup u(x) < + 00 , Nx = sup u~^(x) < +cxo and Gx = sup q(t), then 

x£Bx(xo) xeBxixo) teio,M\) 

inequality (13.71) implies that 


||95||L°°(BA(a:o)) <P-Gx-Nx< + 00 . (3.8) 

Therefore, applying Theorem 12.21 and the loeal eontinuity of wa, = 0 when A < (5o, where 
(5o > 0 is the eonstant in the statement of Theorem 12.21 We have eompleted the proof of Step 1. 

In faet. Step 1 provides a starting point to earry out the method of moving spheres for any given 
eenter xq G R"'. Then we will eontinuously inerease the radius A of the sphere S'a(xo) = dBx{xo) 
sueh that the inequality 

wxix) > 0 holds for every X G Ra(to)- 

For a given eenter xq G R"^, the critical scale Aq G (0, + 00 ] is defined as follows, 

Ao = sup{A > 0 I Wp(x) >0, Vx G Bfj_{xo), VO < /x < A}. 


(3.9) 
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Immediately, by definition, it holds that 

wxo{x) > 0, Vx e Bxoixo)- (3.10) 

The Lemma follows from the analysis of the global finiteness of the eritieal scale. More pre¬ 
cisely. 

Step 2. Given xq G R"^, let the critical scale Aq > 0 be defined in (13.91) . then exactly one of the 
following holds: 

(а) For every xq G R"^, the corresponding critical scale Aq > 0 is finite, or 

(б) for every xq G R"^, the corresponding critical scale Aq = +cxd, that is, for every A > 0 

Wx{x) ^D.'ix e Bx{xo). (3.11) 

The statement of Step 2 can be reduced to the following: if there exists zq G R” such that the 
corresponding critical scale /iq < oo, then for every xq G R” the corresponding critical scale 

Ao < oo. 

First, we need the following claim. 


Claim. If pq < oo, then every x G R^o(zo)- 


We will prove the above claim by ruling out the following case: there exists x' G B^^{zo) such 
that Wfj,fj{x') 7 ^ 0. 

First, by the definition of critical scale. 


w^,fix) > 0, Vx G Bf^fizo). 


(3.12) 


Hence, we just assume that 

w^fix') > 0. (3.13) 

Under this assumption, the first stage is to show that (x) > 0 for every x G (x). If the strict 
positivity of does not hold, we choose x" G ( 2 : 0 ) such that 0 = (x") = min te^p (x). 

xeB^P (^o) 

That is, M^p(x") = u{x"). By the calculations in the proof of Step 1, 








uP{x'‘ 


\^" -^ol \n— 


MO 




9{u{x")) 

uP{x") 


|uP(x") 


> 0 , 


(3.14) 


where the last inequality is due to the monotonicity of g{t) . Hence, by Proposition 12.11 

= 0, Vx G B^fiz^), 


(3.15) 
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which contradicts to the assumption. So the assumption (13.131) implies that 

> 0, Vt e Bf,^{zo). 

The next stage is to rule out (13.161) . whieh gives the proof of the elaim. Let 

0 < mo = min 

a:eB^0 (^o) 


(3.16) 

(3.17) 


then by the eontinuity of w\ with respeet to A, there is some 0 < (5i < ^o/lO® with (ig in Theorem 
I2.2l such that for every A G [/io, /^o + it holds that 

wa(t) > mo/2 > 0, Vt e (3.18) 

We take use of the same eomputations in Step 1 and by applying Theorem l2.2l and the local bound¬ 
edness of g, then we obtain that 


Wx{x) > 0, Vt e Bx{zo). (3.19) 

Notice that inequality (13.191) contradicts to the definition of /iQ. Now we rule out (13.161) . and thus 
we have proved the claim. 


With the above claim, we ean finish the proof of the reduced statement of Step 2. We argue by 
eontradietion and suppose the conclusion in the statement fails. That is, there exists xq G R" and 
a sequence {A,},ez, sueh that lim A, = +oo and 

j—>-|-oo 


Ux^{x) > u{x), \/x G Bx^{xo). 

Notiee that, by the above claim, 

^ ^ + Zq] = u{x), ^x e Bf,^{zo). 

V X — Znr 2 


\x - Zo\ 

Let y = + ^ 0 , then 


lim \y\^ " • u{y) = ^ ■ lim 

/ -f + OO 


\y\ 


|a:|^0 \ pQ 
\x-zo\ 




\x - Zo\ 


u{y) 


= p^-Mzo)=Do>0. 

On the other hand, (13.201) implies that 


Xj /A^(xi-xo) 


|xi - Xol 


• u 


+ Xo) > u{xi), 


(3.20) 


(3.21) 


(3.22) 


(3.23) 


|xi - XoP 

where Xi G R” is ehosen such that xi G Bx^{xq) for every suffieiently large j. By (13.221) and 
taking the limit of (13.231) . it holds that 


1 
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The above inequality contradiets m > 0 everywhere in R". This eompletes the proof of Step 2 and 
thus of Lemma l3^ □ 


Now we proceed to prove Theorem 13.11 The proof is a combination of Lemma 13.21 and the 
following fact. 


Proposition 3.3 ( IlLZl l. Let u e and let u\ be its Kelvin transform, in the notation of 

Lemma 1X2] then we have the following: 
iC) If {A) holds, then u is constant. 

{D) If{B) holds, then there exists 7 > 0, /3 > 0 such that 


u{x) 


(|x 


7 

a:oP + /92) 


71 —a 5 
2 


Vx e R". 


(3.25) 


We will use a modified version of (C) in the proof of our later theorem. So for the convenience 
of readers, we give the proof of (C). 


Proof of {C) in proposition \3.3\ It suffices to show that for every 2 ; e R", Vu{z) = 0. This 
actually is a result of IlLZll . however, for reader’s convenience, we outline it here. For y G R'^, let 


\ = \z-y\, x = 


\x-y\{z-y) 


A 


+ y, 


and 


lx — y\ 


Then consider the Kelvin transform about the center 1 / G R”, 


(3.26) 

(3.27) 


wa (4 = ux{x) - u{x) 


-j’-ud-f + y)- u(t{z - a) + a) ^ h(t). 


It is clear that h{l) = 0 and h{t) < 0 for every f > 1, and thus 

d 


0 > ^ 
dt 


t=i 


h{t) = —{n — a)u{z) — 2{'Vu{z), z — y). 


Hence, for every 1 / G R" with jz — i/| 7 ^ 0, we have that 

— (n — a)u{z) — 2{'Vu{z), z — y) 

\z-y\ 


< 0. 


(3.28) 


(3.29) 


(3.30) 


Let 0 = we have that {Vu{z), v) > 0 by letting \y\ +cx). Since ?/ G R"^ is arbitrary, 

Vu{z) =0. This completes the proof. 

□ 


With the above results, we can finish the proof Theorem 13.11 




















A DIRECT METHOD OF MOVING SPHERES ON FRACTIONAL ORDER EQUATIONS 13 

Proof of Theorem UJ\ By Lemma [3]2] and proposition 13 .Si if m G Lq,(R’^) Pi is a non¬ 

negative solution to (13.11) . then either (C) or (D) holds. If (C) holds, there exists Co > 0 sueh that 
u = Co and thus g{Co) = (—A)"/^Co = 0. Now assume that (D) holds. Notiee that (13.251) is a 
solution to 

{-Ar/\ = g{u). (3.31) 

The funetion g satisfies that for some 70 > 0, 

g{r) = 7 o • r^, Vr G (0,maxM(x)]. (3.32) 

The eompletes the proof of the theorem. 

□ 


4. A Non-Existence Result for Prescribing Qa Curvature Equation on S” 

In this seetion, we will prove a non-existenee result for the preseribing fraetional order Qa 
eurvature equation on E>^. 

A natural question in eonformal geometry is the following: 

Eet (§", ^fi) be the round sphere of dimension n > 3 sueh that sec^^ = 1. Given 0 < a < 2 
and a smooth funetion Q G (7°°(S’^), does there exist a eonformal metrie g = u^-°‘gi sueh that 
Qa{x) = Qa[g]{x) = Q{x) for every x G §"■? 

In this direetion, one of the most important points is to find a neeessary and suffieient eondition 
on the funetion Q sueh that the eonformal metrie g exists under that eondition. When a = 2, it 
turns out to be that Qa is the sealar eurvature up to a dimensional eonstant, and the eorrespond- 
ing preseribing sealar eurvature problem is ealled the Nirenberg problem. The studies of sueh a 
problem leads to a very aetive researeh area in the last deeade. The pioneer work in the direetion 
of preseribing Qa eurvature problem ean be found in HJEXll and [IJEX2II . Our main goal in this 
seetion is to extend a non-existenee result in UChEil to the fraetional setting. 

We will foeus on the fraetional GJMS operator Pa on a round sphere (S”, 5 ^ 1 ) with secg^ = 1 
in the sense of UChGonl . Eor the eonvenienee of readers, let us briefly introduee the preliminary 
materials. 


4.1. Fractional GJMS Operators and Prescribing Fractional Curvature Problem. We will 
start with the definition of fraetional GJMS operator. Eet (]H["+^, gn) be the (n -f 1) -dimensional 
hyperbolie spaee with = —1. It is standard that the n-sphere with the eonformal strueture 
[g^ ean be viewed as the eonformal infinity of (EI’^+^, gn)- Speeifioally, the eonformal eompaeti- 
fieation is given by the following eoordinates. 


9h 


dC + (1 - f) V 


f G [0,2]. 


(4.1) 


Clearly, {PgH)\t=o = gi- By UChGonl . for any representative h G [gi], the fraetional GJMS 
operator Pa[h] = Pa[h, gn] can be defined in terms of the seattering operator. Preeisely, eonsider 
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the Poisson equation with s G (0, n), 

— Ag^v — s{n — s)v = 0, (4.2) 

and the solution of the form 

v = y^-^F + y^H, (4.3) 

with F,G E C°°(H["+^) and y is a geodesie defining function of (S"^, h) such that 

( 1 ) there is some e > 0 such that \Vy\y 2 g_^ = 1 holds on S” x [ 0 , e), 

(2) y‘^gH\y=o = h. 

By standard calculations (see UChGonl or HGrZIl ). we have the following expansion of F and G in 
terms of y, 

F = fo + f2-y^ + ..., (4.4) 

and 

H = ho h2' y"^ F ■■■ ■ (4.5) 

Then the scattering operator S{s) can be defined as follows, if F|y=o = f, then S{s){f) = h with 
h = H\y=o. Now for any a E (0, n), the fractional GJMS operator Pa[h] is defined by 

A[A1(/)^2“.j^.s(L^)(/), (4.6) 

In the above definition, the order a can be any real number in (0, n). Moreover, the above procedure 
can be generalized to any conformally compact Einstein manifold (X"+^, 5 f+) with a conformal 
infinity {M"‘, [h]) (for more details, see UChGonU l. In general, the fractional GJMS operator has 

/V 4 

the following conformal covariance property: if h = u^-°‘ h, then for every v E G°°{M^), 

Pa[h,g+]{v) =u~^Po{h,g+]{uv). (4.7) 

For 0 < a < n, we define the Qa curvature 

77 — r\ 

Q^^——.p^[h,g^\{l) (4.8) 

with respect to the metric h on M”. 

In the rest of this section, we will briefly recall the prescribing Qa curvature problem with 
0 < a < 2. By (14.71) . the existence of the conformal metric h = u^^gi with Qa[h] = Q is 
equivalent to the existence of positive solution to 

Pa[gi]{u){x) = — - - Q{x) ■ u^{x). (4.9) 

n — a 

Next, we will see that the prescribing Qa curvature problem on can be reduced to the equation 
on Euclidean space via stereographic projection. Eet vr^ : §" \ {S'} —)■ R" be the stereographic 
projection, then the pullback metric {Tr~^)*gi is conformal to go, the Euclidean metric on R". 
Indeed, for every x G R”, 





(4.10) 
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Therefore, gi ean be viewed as a eonformal metrie of R”. Let ^{x) = ^ 

gi = 'n^go- (4.ii) 

By the conformal covariance property (14.71) . it holds that 

-Pa[fi'i](w)(T) = • g){x), Vt G R". (4.12) 

Now let M be a positive solution to (14.91) and denote by u{x) = u{x) ■ g{x) for every x G R”, then 
the above identity and equation (14.91) imply that 

2 

(—A)"/^m(x) =-■ Q{x) ■ (x), Vx G R". (4.13) 

n — a 

For convenience, we consider the following equation, 

(—A)"/^m(x) = Q{x) ■ u^{x), Vx G R'^, (4.14) 

with p = By assumption, u is smooth and thus bounded on S”, which implies that 

|xp““ti(x) =-u(x) ■ f—T— ft) ^ — >2^ ■ u(S) = Mq, as \x\ ^ oo. (4.15) 

VI + |xp/ 

From now on, we just focus on the equation (14.141) in the Euclidean space with decay condition 

(ICT51) . 

In the study of prescribing Qa curvature problem, it is very natural to start with some smooth 
function Q with certain symmetry. In this section, we assume that the smooth function Q is ro- 
tationally symmetric. In UChLil . the authors proved the following non-existence theorem for pre¬ 
scribing scalar curvature problem. 

Theorem 4.1 ( UChLill l. Let R be smooth and rotationally symmetric. IfR is monotone in the region 
where i? > 0 and R^ C, then the prescribing scalar curvature problem on sphere does not admit 
any positive solution. 

We will extend theorem 1441 to the fractional setting. First we reduce the corresponding assump¬ 
tion on the radial function Q{x) = (5(|t|) to the following 

{ Q G A“(R"), 

Q{r) > 0, Q'{r) < 0, Vr < 1, (4.16) 

Q{r) < 0, Vr > 1, 

where r = |x|. With the above preparations, we are ready to state and prove the non-existence 
result of the prescribing Qa curvature problem in the following. 
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4.2. A Non-Existence Theorem. We will apply the method of moving spheres to prove the non- 
existenee result of the preseribing Qa eurvature equation on the sphere. 


Theorem 4.2. Let Q be continuous and rotationally symmetric on the round sphere {EL,gi) of 
curvature = 1. In addition, assume that Q is monotone in the region where Q > 0 and Q ^ C. 
Then for every 0 < a < 2, the prescribing Q-curvature equation on (S”, gf 

ffi ry 

Pa{u) = Q-iP, p = -, (4.17) 

n — a 

does not admit any positive solution u E V(Pa) H 


Proof To prove the theorem, it suffiee to show the non-existenee of positive solution to the 
equation (14.141) with (14.151) and (14.161) . 

Let 

/ \ \ n—ot 

MA(a;) = (^) u{x^), 

\xr V kr / 


(4.18) 

(4.19) 


and 

Wx{x) = U\{x) — u{x). 

Straightforward eomputations give that 

{-A)^Pux{x) = q(^^'^uI{x), 

and then 

{-A)‘^Pwx{x) = q(^^'^u{{x) - Q{r)uP{x) 

Sinee Q{r) > 0, Q{l/r) < 0 for every 0 < r < 1, it holds that for A = 1, 

{—A)°'Pwi{x) < Q{l/r)u^{x) < 0. 

By Proposition 12.1[ wi{x) < 0 for every x E i?i(0”). The above arguments provides a starting 
point. We define 


(4.20) 

(4.21) 

(4.22) 


Ao = inf{A > 0 I Wfj,{x) < 0, Vx G 5^(0”), VA < /i < 1}. (4.23) 

We will apply the narrow region prineiple ('Theorem 12.21) to show Aq = 0. We argue by eontradie- 
tion. That is, suppose Aq > 0. Given any 0 < A < 1, equation (14.211) gives that 

(-A)“/V(x) = g(^)(w^(x)-w"(x)) + (g(^)-g(r))w^(x) 

< q{^){uI{x)-u^{x)) 

= P--Wxix), (4.24) 

where 

min{M^“^(x), M^“^(x)} < fxix) < max{M^“^(x), M^“^(x)}. (4.25) 
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Notice that 


/ N / An 

ux{x) = u{x ) 




X 


2 \ n —r 


X 


u 


X^x 


X 


By the deeay eondition (14.151) . the above equality implies that the funetion 


II , 11 ^ C{n, ||m||2,oo(5u)) 

II VAo IU“(]R") — -. .. ...- < OO- 


\ n—a. 


Therefore, 


(-A)"/^WAo(x) + CAo(x) • WXa{x) < 0, 


where caq (x) = -p-Qy^j ■ V’ao(x) is uniformly bounded due to (14.271) . 

By the definition of Aq, 

tPAo(x) < 0, Vx e 5 ao(0”). 

Observe that wxo{x) < 0 for every x G i?Ao(0"^). Otherwise, there exists xq G i?Ao(0"^) sueh that 


(4.26) 

(4.27) 

(4.28) 

(4.29) 


w^Ao(xo) = sup r(;Ao(x) = 0. (4.30) 

xeBxg (0") 

Moreover, the funetion wxo satisfies the anti-symmetry property in the sense of Proposition 12.11 
Applying Proposition 12.11 wao(x) = 0, for all x in i?Ao(0”), whieh eontradiets (14.281) . 

Let Co > 0 be the eonstant in Proposition [^1 and let (5o = sup uixoi^) < 0. Then there 

exists A G (0, min{Ao/100, Co/lOO}) sueh that for every 0 < 5 < A, by the eontinuity of wx, it 
holds that 

u;ao-6(x) < 0, Vx G (4.31) 

Moreover, 

(_A)“/2y^Ao-<5(x) + CAo-5(x) • WXo-six) < 0, (4.32) 

and the funetion cx^s is uniformly bounded provided by the ehoiee of 5 > 0. Now applying 
narrow region prineiple (Theorem l2.2l) . we have 


wxo-six) < 0, in5Ao_5(0”), V(5 G (0,5i). 


This eontradiets the definition of Aq, and thus eompletes the proof of Aq = 0. 

By the definition of Aq, there exists a sequenee Xj —)■ 0 sueh that for every j G Z+, 

1 


\ n—a 
^3 


)3 \ ri—a / A^ • X'' 

m) ^ ^A,(o”). 

\3C\ 3 \ \X\ 


(4.33) 


By the deeay eondition (14.151) . 


Mn 
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and hence, 

u(0) > lim = + 00 . (4.35) 

j->oo Aj 

Contradiction. 

□ 

In fact, by applying a decay estimate in UChFYU . Theorem l4.2l can be strengthened by removing 
the decay condition on u. That is. 

Corollary 4.3. Let Q be continuous and rotationally symmetric on the Eucliean space In 
addition, assume that Q is monotone in the region where Q > 0 and Q ^ C. Then for every 
0 < a < 2, the the equation 

(— = Q{x) ■ vF{x), p = ^ x e R”, 

n — a 

does not admit any positive solution m e n ^^’^(R”). 


5. A Liouville Type Theorem on a Hale Space 


In this section, we present another application of the method of moving spheres. Specifically, 
we will give an alternative proof of the Liouville type theorem for the non-negative solutions to the 
problem 

J (—= u^{x), X e R”, 1 < p < 

= 0, X ^ R”, 

in both subcritical and critical cases. This result was first proved in flChFYll by an integral equation 
method. Our proof here is quite different and much simpler-a combination of direct methods of 
moving spheres and moving planes. The following narrow region principle for moving planes in 
UChLLl will be use in our proof (see more details in that paper). 


Proposition 5.1 (Narrow Region Principle for Moving Planes). Given A G R\ let 

Tx = {x = {x' ,Xn) G R” I Xn = A}. 


Denote 


x^ = {x',2X- Xn), Ux{x)=u{x^), 

//a = {x G R"^ I 0 < Xn < A}, and Hx = {x G R” | x^ G H}. 
Let w G n be lower semicontinuous in 0 such that 


{ (— A)"/^t(;(x) 4 - c{x)w{x) > 0, x G 
w{x) > 0, X G Hx \ 
wxx) = -w{x), X G Hx, 


(5.2) 
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then there exists sufficiently small 5 > 0 such that ifQ C {Hx \ Hxs) and is bounded then 

w{x) >0, \/x e Q. 

Furthermore, ifw{x) = Q for some x E Q, then 

w{x) = 0, Vt e R”. 

These conclusions hold for unbounded region if we further assume that 

lim w{x) > 0. 

|ir|—^OO 

Theorem 5.2. Ifu G La(R"^) fl is a nonnegative solution to 0.7 D . then u = 0 in R". 


Proof. First, by the strong maximum principle, either u{x) >0 for every x G R” or u{x) = 0 for 
every t G R"^. So without loss of generality, from now on, we assume that the solution u is strictly 
positive everywhere. 

Given xq G R”“^ x {xn = 0}, define the Kelvin transform of the function u as 





A^(x - xq) 
|x — XoP 


+ To- 


(5.3) 


By definition, if the center xq is chosen on the boundary R" ^ x {x„ = 0}, then x G R" implies 
that x^ G R+. Let wx{x) = ux(x) — u(x), then it is straightforward that. 


(-A)‘^^^wx(x) 




u^(x), Vx G R”, 


(5.4) 


where r = n + a — p(n — a) > 0. 

To apply the method of moving spheres, we take any x G Bx(xo). Denote 


Sa = {x G Bx(xo) I vJx(x) < 0}. (5.5) 

Step 1. We will show that exists (io > 0 such that for every 0 < A < holds that 


Wx{x) > 0, Vx G Bx{xo). (5.6) 

The proof of Step 1 is identical to that in the proof of Lemma [X2l Actually, in this case g{t)/tP = 
t n-a with T = n -\- a — p[n — a) > 0, is non-increasing. The computations are exactly the same 
as that in Lemma lT2l 


Step 2. We will show that the solution u depends only on x^. 

To this end, we analyze the critical scale for the moving spheres, as that in the proof of Lemma 
13.21 For a given center xq G R"^ fl {xn = 0}, the critical scale Aq G (0, +cx)] is defined as follows, 

Ao = sup{A > 0|tp^(x) > 0, VX G R^(xo), VO < /x < A}. 

As in the proof of Step 2 in Lemma [T2l we have similar conclusions: 


(5.7) 
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Given xq G R” n = 0}, the eritical scale Aq > 0 is defined in (15.71) . then exactly one of the 
following holds: 

(a) for every xq G R"^, the corresponding critical scale Aq > 0 is finite, or 

(b) for every xq G R"^, the corresponding critical scale Aq = +cx3, i.e, for every A > 0 

WA(a:) > 0, Vx G RA(a:o)- (5.8) 

If (a) holds, then the decay property 

lim |x|"““ • u{x) = Co > 0 (5.9) 

|a:|^+oo 

follows. 

Now we carry out the method of moving planes to deduce a contradiction. Since u{x) > 0 for 
every x G R+ and u{x) =0 for every x ^ R”, we have that wx{x) = u\{x) — u{x) >0 for every 

X e Hx and for every A > 0. Then by proposition 15.11 there exists 5o > 0 such that for every 

0 < A < ^0 we have that wxix) > 0 for every x G i^A- Define 


Ai = sup{A > 0 I w^{x) > 0, Vx G 77^, V/i < A}. 


(5.10) 


IfO < Ai < cx), then for every x G Hx^, by the strong maximum principle, we have 

M^^(x) = u{x). 


(5.11) 


But u{x) = 0 for every x ^ R", and thus the equation (15.111) contradicts to the positivity of u. 
Therefore, Ai = +oo, which implies that u is non-decreasing about x^, which contradicts the 
decay of u (15.91) . 

The contradictions in the above two possibilities of Ai show that the case (a) does not hold. 

The above arguments show that the positive solution u has to satisfy (6). We track back to the 
proof of proposition [331 h follows that for every y G OR"^, 


(n — a)u{z) + 2{'Vu{z), {z — y)) 

M 


(5.12) 


Let \y\ —)■ cxo, then we have that 


(Vuiz),!^) > 0 , 


(5.13) 


where u = jfzli- Since y is arbitrary, the vector Vu{z) has to be perpendicular to the hyperplane 
Xn = 0. That is, the function u depends only on x„. 


By Step 2, the positive solution u depends only on Xn- The arguments in section 5.3 of the paper 
UChFYl shows that u has to be identically zero, which gives the desired contradiction. 


□ 
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